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It is well known that the process of quantizing field theories is plagued with ambigu-
ities. First, there is ambiguity in the choice of basic variables describing the system.
Second, once a choice of field variables has been made, there is ambiguity concerning
the selection of a quantum representation of the corresponding canonical commu-
tation relations. The natural strategy to remove these ambiguities is to demand
positivity of energy and to invoke symmetries, namely by requiring that classical
symmetries become unitarily implemented in the quantum realm. The success of
this strategy depends, however, on the existence of a sufficiently large group of
symmetries, usually including time-translation invariance. These criteria are there-
fore generally insufficient in non-stationary situations, as is typical for free fields
in curved spacetimes. Recently, the criterion of unitary implementation of the dy-
namics has been proposed in order to select a unique quantization in the context
of manifestly non-stationary systems. Specifically, the unitarity criterion, together
with the requirement of invariance under spatial symmetries, has been successfully
employed to remove the ambiguities in the quantization of linearly polarized Gowdy
models1 as well as in the quantization of a scalar field with time varying mass, prop-
agating in a static background whose spatial topology is either of a d-sphere (with
d = 1, 2, 3) or a three torus.2 Following Ref. 3, we will see here that the symme-
try and unitarity criteria allows for a complete removal of the ambiguities in the
quantization of scalar fields propagating in static spacetimes with compact spatial
sections, obeying field equations with an explicitly time-dependent mass, of the form
φ¨−∆φ+ s(t)φ = 0. (1)
These results apply in particular to free fields in spacetimes which, like e.g. in the
closed FRW models, are conformal to a static spacetime, by means of an exclusively
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time-dependent conformal factor. In fact, in such cases the free field equation can
be mapped to an equation of the above type (1), via a suitable scaling of the field.
Let us then consider a real scalar field φ propagating on a globally hyper-
bolic spacetime I × Σ, where I is a time interval and Σ is a Riemannian com-
pact space of three or less dimensions with metric hab. The field obeys an equa-
tion of the type (1), where the dots stand for derivatives with respect to time
and ∆ is the Laplace-Beltrami (LB) operator on Σ. Let t = t0 be a Cauchy ref-
erence surface. The configuration and momentum of the field are ϕ = φ|t0 and
Pφ =
√
hφ˙|t0 . Among the infinitely many complex structures available to con-
struct the Fock representation, let us choose the complex structure J0 such that
J0(ϕ, Pφ) =
(−(−h∆)−1/2Pφ, (−h∆)1/2ϕ
)
. J0 has the advantage of being invariant
under the isometries of Σ. This complex structure selects the annihilation variables
an,l = (ωn/2)
1/2qn,l + i(2ωn)
−1/2pn,l. (2)
Here, qn,l and pn,l = q˙n,l are the Fourier coefficients of the configuration and mo-
mentum obtained by a decomposition in terms of a complete set of real eigenmodes
of the LB operator, {Ψn,l}, whose discrete eigenvalues are denoted by −ω2n. The
label n is in N whereas l runs from 1 to gn, the degeneracy number associated to
the eigenvalue −ω2n. The modes qn,l satisfy decoupled differential equations:
q¨n,l + [ω
2
n + s(t)]qn,l = 0. (3)
In terms of the pair of complex variables (an,l, a
∗
n,l), time evolution from t0 to t is
given by a Bogoliubov transformation:
an,l(t) = αn(t)an,l(t0) + βn(t)a
∗
n,l(t0), (4)
where αn and βn are determined by the equation of motion (3) [we obviate the
dependence on t0]. The condition for unitary implementability of the dynamics in
the Fock representation defined by J0 is
∑
n gn|βn|2 < ∞. An asymptotic analysis
shows that the leading term of βn goes like 1/ω
2
n, for any possible (sufficiently mild)
function s(t) and ∀t, t0. That is, the unitarity condition reads
∑
n gn/ω
4
n < ∞.
It follows from general properties that this condition is satisfied, in fact, for all
Riemannian compact manifolds in three or less dimensions. Thus, the chosen Fock
representation supports a unitary implementation of the dynamics defined by (1).
Having established the existence of a Fock quantization compatible with both
unitary dynamics and spatial symmetries, the first question is whether this quantiza-
tion is unique or there exist other physically distinct ones with the same properties.
The answer, explained in full detail in Ref. 3, is that the above quantization is
indeed unique, in the sense that any other Fock representation which is symmetry
invariant and provides a unitary dynamics can be proven unitarily equivalent.
A different question concerns the possibility of choosing an alternate field
description, which is particularly relevant in the context of field theories in
non-stationary spacetimes, where one typically has to adhere to a given field
parametrization. Most often, two natural choices of field description are related
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by a (spatially homogeneous) scaling of the field. So, let us consider the general
time-dependent canonical transformation
ξ = f(t)φ, Pξ =
Pφ
f(t)
+ g(t)
√
hφ. (5)
Actually, without loss of generality, we can set initially f(t0) = 1 and g(t0) = 0.
The question is now if such a transformation can generate physically distinct
quantizations, again admitting unitary dynamics. Fortunately, the answer is in the
negative: once unitary dynamics is required, no further scaling of the field is al-
lowed.3 The main arguments leading to this result are as follows. For the pair
(ξ, Pξ), we introduce annihilation/creation variables (a˜n,l, a˜
∗
n,l) associated to J0.
Time evolution is as in transformation (4): a˜n,l(t) = α˜n(t)a˜n,l + β˜n(t)a˜
∗
n,l, with
β˜n(t) = f+(t)βn(t) + f−(t)α
∗
n(t) +
ig(t)
2ωn
[α∗n(t) + βn(t)], (6)
where 2f± = f ± (1/f). Any new invariant complex structure J can be shown to
be determined by a family of Bogoliubov coefficients (κnm, λnm), and the net effect
of introducing this new complex structure is to replace (6) with
β˜Jnm(t) = (κ
∗
nm)
2β˜n(t)− λ2nmβ˜∗n(t) + 2iκ∗nmλnmIm[α˜n(t)]. (7)
Suppose then that our criteria fail to remove the ambiguity in the choice of basic
variables. Hence, at least for a non-trivial transformation (5), there exists a complex
structure J that admits a unitary implementation of the dynamics; therefore, the
double sequence Snm = gnm|β˜Jnm(t)|2 is summable. But a careful analysis shows
that this is only possible if the scaling function f is the unit constant function. So,
in fact, no scaling is allowed. There is still the possibility of a redefinition of the
momentum, with a nonzero function g. However, it turns out that, depending on
the dimensionality of space, the function g must either be zero, or it leads to a
quantization which is unitarily equivalent to our fiducial quantization. Hence, the
uniqueness of the field description is ensured.
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